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Scalar radius of the pion in the Kroll-Lee-Zumino renormalizable theory 
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The Kroll-Lee-Zumino renormalizable Abelian quantum field theory of pions and a massive rho- 
meson is used to calculate the scalar radius of the pion at next to leading (one loop) order in 
perturbation theory. Due to renormalizability, this determination involves no free parameters. The 
result is {r^) s = 0.40 fm 2 . This value gives for £4, the low energy constant of chiral perturbation 
theory, £4 = 3.4, and F^/F = 1.05, where F is the pion decay constant in the chiral limit. Given 
the level of accuracy in the masses and the pnn coupling, the only sizable uncertainty in this result 
is due to the (uncalculated) NNLO contribution. 
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The pion matrix element of the QCD scalar operator 
Js = m u uu + rriddd defines the scalar form factor of the 



pion [l[ 



Ttt^ 2 ) = (7r(p 2 )|Js|7r(pi)) , 



(1) 

where q 2 = (p 2 — Pi) 2 ■ The associated quadratic scalar 
radius 



r.(<z 2 ) = r w (o) 



l + -(rl) s q 2 + 



(2) 



plays a very important role in chiral perturbation theory 
[2], as it fixes U, one of the low energy constants of the 



theory, through the relation 



<r»>. = 



8vr 2 F 2 



(3) 



where = 92.4 MeV. The low energy constant £4, in 
turn, determines the leading contribution in the chiral 
expansion of the pion decay constant, i.e. 



smaller errors cluster around I a ~ 3.8 — 4.5. 



In this paper we present a next to leading order calcula- 
tion of (r 2 ) s in the framework of the Kroll-Lee-Zumino 
(KLZ) renormalizable Abelian gauge theory of charged 
pions and a massive neutral vector meson [6(. This the- 
ory provides the quantum field theory justification for 
the Vector Meson Dominance (VMD) ansatz Q. It also 
provides a quantum field theory platform to compute cor- 
rections to VMD systematically in perturbation theory. 
A determination in this framework of the electromag- 
netic form factor of thepion in the time-like Q as well 
as the spacelike region Q , at the one- loop level, which is 
in excellent agreement with data supports this assertion. 
In fact, due to the relative mildness of the pirn coupling 
constant, and the presence of loop suppression factors, 
the perturbative expansion appears well behaved in spite 
of the strong coupling nature of the theory. The KLZ 
Lagrangian is given by 



F 



(■ 



V4tt j F w 



h + 0(M£), 



(4) 



where F is the pion decay constant in the chiral 
limit. For this reason considerable effort has been 
devoted over the years to the determination of (r 2 }^ 
from 7T7T scattering data together with a variety of 
theoretical tools (for some recent work see 
Current values [4| appear to converge inside the range 
(r1) s ~ 0.5-0.7 fm 2 which translates into £4 ~ 4.0-5.1, 
and F v /F ~ 1.06 - 1.07. Lattice QCD results @ span 
the wide range £4 = 3.6 — 5.0, although results with the 



Cklz = d^d 11 . 



"F 9pmrPfi Ji{ "F 9p-mr PpP^ <P<P 



(5) 



where p^ is a vector field describing the p° meson 
(<9 M p M = 0), <j> is a complex pseudo-scalar field de- 
scribing the ir^ mesons, p^ v is the usual field strength 
tensor: p M „ = <9 M p„ — <9„p M , and J% is the 7r ± current: 

J% = i<j)* d^cj). It should be stressed that in spite of the 
explicit presence of the p° mass term above, the theory 



2 



is renormalizable because the neutral vector meson is 
coupled only to a conserved current @. 



In Fig.l and in Fig. 2 we show, respectively, the leading 
order, and the next to leading order contributions to the 
scalar form factor Eq.(l). The cross indicates the cou- 
pling of the scalar operator to two pions. There is still 
another triangle graph with two rho-mesons coupled to 
the scalar current J$- However, since the scalar form 
factor vanishes identically in the chiral limit, two rho- 
mesons would have to couple to Js through two pions (a 
coupling present in Eq.(5)). This transforms this term 
into a two- loop O (gt^) contribution, which is beyond 
the scope of the present work. 
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FIG. 2: Next to leading order contribution to the scalar form 
factor. 
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FIG. 1: Leading order contribution to the scalar form factor 
of the pion. The cross indicates the coupling of the scalar 
current to two pions. 
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Using the Feynman propagator for the p-meson [10(-[ll|, 
and in (i-dimensions, the unrenormalized vertex in Fig. 
2 is given by 



d d k 



(2pi + k) ■ (2 P2 + k) 



(27r) d [(pi + k) 2 - Ml + ie][( P 2 + kf - Ml + ie]{k 2 - M 2 p + is) ' 
I 



(6) 



where we omitted the overall normalization r w (0). Using at the point q 2 — we obtain 
standard procedures (for details of a similar calculation 
sec 0) the function G(q 2 ) in dimensional rcgularization 
is 



G(q 2 ) = -2 



4™_(..2\&-i) f 1 dXl 



G(q 2 ) - G(0) = -2 9p ™ 



(4tt) 2 



1 a .2 / dXl 

(4tt) 2 Jo Jo 



1— XI 



dx 2 



x < In 



- - 7 + ln(47r) 



M 2 ( Xl +x 2 -2) 2 I ' 



\A(q 2 ) 



1 



[M 2 ( Xl + x 2 - 2 f 



-(£CiX 2 - Xx - X 2 + 2) 



(9) 



2A(q 2 ) 

- q 2 {x 1 x 2 -x 1 ~x 2 + 2)]+0(e) J, (7) 

where A(q 2 ) is defined as 
A(q 2 )=Ml(x 1 +x 2 ) 2 + M 2 (l-x 1 -x 2 )-x 1 x 2 q 2 . (8) 

Details of the standard renormalization procedure for the 
In the MS scheme, and renormalizing the vertex function fields, masses and coupling may be found in 0. From 



A(0)y A(q 2 ) 
with the scalar form factor being given by 

r 7r ( g 2 )=r 3r (0)[l + G(g 2 )-G(0)] . (10) 



3 



Eq.(9) we compute the scalar radius with the result 



12 



(4^2 »p* 



9 pm / dX l 

^0 



1—011 



dx 2 



1 



A(0) 



X < XxX 2 



Ml 
2A(0) 



(arx +x 2 -2) 2 



(11) 



A numerical evaluation of this equation gives the result 



rl) s = 0.4 fm 2 



(12) 



where we used o 2 = 36.0±0.2 from the measured width 

I — -J pirn 

of the p [12j . The error in this coupling, as well as in the 
masses, has negligible impact on the radius at the level 
of precision given in Eq.(12). The main uncertainty in 
this determination stems from the uncalculated NNLO 
(two- loop) contribution. Using Eqs.(3) and (4) to leading 
order, the result above translates into 



h = 3.4 



(13) 



lattice QCD results It should be mentioned that 
in the framework of KLZ the electromagnetic square 
radius of the pion at NLO is [§] (t^)em = 0.46 fm 2 , 
to be compared with the experimental value [l3T ] 
(t^)em — 0.439 ±0.008 fm 2 . In the electromagnetic case 
NLO refers to the correction to the tree-level result of 
single p-dominance {t^)em\lo = 0.39 fm 2 . Hence this 
correction is relatively large, and in the right direction. 
In the present application the equivalent of p-dominance 
is absent, as there is no elementary sigma field in the 
KLZ Lagrangian. One would have to resort to e.g. the 
linear sigma model as in [l4j]> but then there is no p 
field in the model. An attempt to enlarge the KLZ 
theory to accommodate a sigma field does not seem a 
useful proposition. In fact, scalar meson dominance is 
probably too simplistic to be able to account for the 
rich and complex structure of the J p = + channel. We 
find that the result obtained here for the scalar radius of 
the pion provides additional support for the KLZ theory 
as a viable platform to compute corrections to VMD 
systematically in perturbation theory. 
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and 



F T /F = 1.05 



(14) 



The result for the radius in this framework is some- 
what smaller than current values obtained from tttt 
scattering although it agrees with some of the 
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